Abstract-We propose an optically pumped laser based on intersublevel transitions in InAs-GaAs pyramidal self-assembled quantum dots. A theoretical rate equations model of the laser is given in order to predict the dependence of the gain on pumping flux and temperature. The energy levels and wave functions were calculated using the 8-band method where the symmetry of the pyramid was exploited to reduce the computational complexity. Carrier dynamics in the laser were modeled by taking both electron-longitudinal optical phonon and electron-longitudinal acoustic phonon interactions into account. The proposed laser emits at 14.6 m with a gain of 570 cm 1 at the pumping flux 8 = 10 24 cm 2 s 1 and a temperature of = 77 K.
I. INTRODUCTION

I
NTRABAND optical transitions in semiconductor nanostructures are a subject of intensive research due to their applications for sources and detectors of mid and far-infrared radiation. In quantum-well-based intersubband lasers, such as quantum cascade lasers [1] , [2] and optically pumped lasers [3] - [6] , the lasing threshold depends on the lifetime of the upper laser level which is determined by longitudinal-optical (LO) phonon scattering and is of the order of picoseconds. In order to have a lower threshold, LO-phonon scattering needs to be reduced.
Due to the discrete nature of states in quantum dots, electron relaxation due to the interaction with LO-phonons has previously been considered to be vanishingly small unless the energy levels are separated by the energy of an LO-phonon. Consequently, a quantum-dot cascade laser with six orders of magnitude lower threshold current than in quantum-well-based devices was expected [7] . However, current thought is that the electron-LO-phonon interaction in quantum dots should be considered in the strong coupling regime [8] , [9] and theoretical predictions of relaxation due to LO-phonon decay [10] , [11] have indicated relaxation times of the order of hundred of picoseconds, in accordance with experimentally measured values [12] , [13] . This is still two orders of magnitude larger than in quantum wells and the latest theoretical proposals of quantum-dot cascade lasers [14] - [16] predict low threshold currents, as well. Recently, electroluminescence from such structures has been observed [17] , [18] .
On the other hand, to the best of our knowledge, the possibility of having an optically pumped laser based on intersublevel transitions in quantum dots has not yet been analyzed. In this paper, we present the first theoretical proposal of such a laser based on pyramidal InAs-GaAs quantum dots, emitting at m. In comparison to similar lasers based on quantum wells, the proposed laser has the advantage that in-plane polarized emission is possible and a lower pumping flux is needed due to the longer carrier lifetimes in quantum dots. This paper is organized as follows. In Section II, we give a theoretical model of the laser active region. In Section III, the calculation of the pumping flux and temperature dependence of the gain is presented and appropriate waveguides for both edge and surface emission are designed.
II. THEORETICAL MODEL
A. Electronic Structure of Pyramidal Self-Assembled InAs-GaAs Quantum Dots
The method for calculation of energy levels and wave functions in pyramidal InAs-GaAs quantum dots is based on exploiting the symmetry of the 8-band Hamiltonian. It has been described in detail elsewhere [19] and only a brief review is given here.
The 8-band Hamiltonian in the presence of strain [20] was used to calculate the energy levels in the conduction band. The strain distribution was taken into account via the continuum mechanical model. The plane wave method [21] was used to solve the Hamiltonian eigenvalue problem, therefore, only the Fourier transforms of the strain components given by analytical formulae in [22] are necessary. The plane wave method is based on embedding the quantum dot in a box of sides and and assuming the envelope functions are linear combinations of plane waves (2) . A direct application of the plane wave approach would deliver an matrix, where is the number of plane waves taken. However, it is possible to exploit the symmetry of the system to block diagonalize the corresponding matrix. The group projector method was used to find the symmetry adapted basis. In this basis the Hamiltonian matrix is block diagonal with four blocks of approximately equal size. The states are characterized by the total quasi-angular momentum quantum number according to the irreducible representation they belong to. The small piezoelectric potential that reduces the symmetry from to was treated as a perturbation. The dependence of the positions of the first seven energy levels on dot size for quantum dots considered in this work (whose dimensions are given in Table I ) is shown in Fig. 1 .
As already pointed out by other workers [21] , the plane wave method is very convenient for modeling the optical properties and carrier dynamics in quantum-dot structures. This is due to the fact that matrix elements can be expressed analytically in terms of the coefficients in the plane wave expansion, in contrast to other methods where numerical three-dimensional integration would be necessary.
B. Interaction With Electromagnetic Radiation
The Hamiltonian of the interaction with the electromagnetic field is obtained by replacing with in the kinetic part of the Hamiltonian [23] (where is the magnetic vector potential, is the polarization vector of the radiation, is the elementary charge and the reduced Planck's constant), i.e., . In the dipole approximation is considered constant in space, and furthermore all the terms quadratic in are neglected. According to Fermi's Golden rule, the transition rate from an initial state to a final state due to interaction with electromagnetic radiation of angular frequency is given by (3) where the " " sign corresponds to absorption and " " to emission, and and are the energies of the final and initial state, respectively.
The inhomogeneous broadening due to size inhomogeneity of the quantum-dot ensemble was taken into account by replacing the delta function with a Gaussian, i.e.,
The width was taken equal to 12% of the transition energy, which is a typical value in quantum-dot infrared photodetectors based on bound-to-bound transitions [24] , [25] . The optical cross section of the transition is given by , where is the optical pump flux. Using the relation between the flux and the vector potential one has (5) where is the refraction index, the speed of light in vacuum and the vacuum dielectric constant.
is the matrix element which depends only on the direction of light polarization and not on the amplitude of . With the envelope functions of the final and initial state given by (6) the matrix element is equal to (7) where is the volume of the embedding box and (8) are the Fourier transforms of the perturbation Hamiltonian matrix elements. They can all be expressed analytically in terms of the components of the vectors , and , the material parameters of InAs and GaAs and the Fourier transform of the quantum-dot characteristic function (see [19] or [22] for its definition). The same recipe as in [19] for the order of differential and multiplication operators was used to ensure the hermiticity of the perturbation Hamiltonian matrix.
After calculating the matrix elements between states with a well defined symmetry, we find the selection rules: for -polarized light and for in-plane polarized light (where by the definition and ). These are analogous to selection rules in cylindrically symmetric systems, despite the fact that pyramidal dots have a lower symmetry.
C. Carrier Dynamics in a Quantum Dot
In this subsection, we examine the processes which lead to electron transitions between different energy levels. We give the relations for transition rates due to interaction with LO and longitudinal-acoustic (LA) phonons, as well as due to spontaneous emission. Electron-hole scattering which is considered to be the dominant mechanism in interband quantum-dot lasers [26] is not present in this unipolar device. Since we assume that the electrons are excited to only bound states (this assumption will be justified in Section III), the relaxation processes assisted by the Coulomb interaction between bound and wetting layer carriers [27] do not exist as well. Consequently, the electron-electron interaction has no effect on rate equations, because due to energy conservation the transition of an electron from state to state must be compensated by the transition of another electron from state to state .
1) Interaction With LO Phonons:
The electron-LO-phonon interaction was considered in the strong coupling regime where the carrier lifetime is determined by the decay of an LO-phonon into two LA-phonons [10] . The transition rate from the initial state with an electron in state and LO-phonons with the wave vector (where takes all possible values of the phonon wave vector) to the final state with an electron in state and one more (less) phonon with the wave vector is given by [10] (9) where electron-LOphonon coupling strength, where (10) is the LO-phonon energy and is the inverse LO-phonon lifetime due to its decay into two LA-phonons. Since is weakly dependent on the phonon wave vector [28] , this dependence was neglected. As it is thought that the influence of phonon confinement on scattering rates is not so important in AlGaAs-GaAs and InGaAs-GaAs nanostructures [29] , we have assumed bulk GaAs LO-phonon modes and correspondingly the Frölich interaction Hamiltonian is given by (11) where and are the phonon annihilation and creation operators and (12) with and being high frequency and static dielectric constants, respectively. From (10)- (12) one obtains (13) where (14) is the electron-phonon interaction form-factor. The summation in (13) is performed over phonon wave vectors given by (2) . For such values of wave vectors the form-factor can be simplified to (15) Some of the calculated LO phonon interaction transition rates for quantum dots whose dimensions are given in Table I , are shown in Fig. 2 .
2) Interaction With LA Phonons: The weaker electron-LAphonon scattering was calculated using Fermi's Golden rule. The Hamiltonian of interaction with acoustic phonons is given by the same formula (11) except that in this case (16) where is the acoustic phonon deformation potential, the density and the longitudinal sound velocity. The linear and isotropic acoustic phonon dispersion relation is assumed. The transition rate from an initial state to a final state is then given by [30] 
where is the step function and are the polar coordinates of the vector . Acoustic phonon scattering is only significant when the states are closely spaced in energy ( 10 meV), as for example are rates W on the transitions: 2 ! 1 at T = 77 K (circles) and T = 300 K (full circles), 4 ! 3 at T = 77 K (squares) and T = 300 K (full squares), 7 ! 5 at T = 77 K (diamonds) and T = 300 K (full diamonds), 5 ! 4 at T = 77 K (triangles) and T = 300 K (full triangles) for quantum dots whose dimensions are given in Table I . The inset: energy dependence of spontaneous radiative emission rate on the transition 2 ! 1. The quantum number of total quasi-angular momentum m as well as the spin of each state is given. The unstrained GaAs conduction band edge was taken as the reference energy. The position of the wetting layer continuum and 3-D continuum states is indicated, as well.
states 2 and 3 in Fig. 3 , while for larger energy separation the interaction with LO-phonons is dominant.
3) Spontaneous Radiative Emission:
The transition rate from initial state to final state due to spontaneous emission of photons is given by [31] (18)
The spontaneous radiative emission transition rates on the transition for quantum dots whose dimensions are given in Table I , are shown in the inset of Fig. 2 . We have found that the transition rates in the system due to spontaneous emission are less than 10 s and are thus significantly smaller than the transition rates due to interaction with phonons, hence they were neglected.
D. Laser Model
The rate equations for the system considered yield (19) where is the occupancy of level including electrons of both spin, is the total transition rate from state to state due to interaction with phonons, is the optical cross section between states and at the pump wavelength for radiation polarized in the same way as the pump and is the optical pump flux. The effect of final state blocking is included via the terms that represent the probability that the final state is empty.
It is assumed that the doping is such that there are electrons per quantum dot on average, i.e.,
. An estimate based on solving the Poisson equation indicates that for the doping level considered in this work the electrostatic potential generated by donors can be neglected.
The dots considered here are in the strong confinement regime where the electron-electron interaction energy (which is of the order of 10 meV per electron pair [32] ) is much smaller than the effective confinement potential (which is 500 meV). It is, therefore, expected that the single particle approach adopted here for the calculation of energy levels and the rate equations model should be valid when the dots are occupied by a small number of electrons 1-. This conclusion can also be supported by the results in [33] where the excitation spectrum of the quantum dot is almost the same in the range 1-. Having all this in mind, a value of was chosen in Section III to obtain large value of gain on one hand and to be sure in the validity of the model presented on the other hand.
The gain at the angular frequency for stimulated emission of radiation polarized in the direction is (20) where is the optical cross section for interaction with radiation polarized in the direction and is the number of quantum dots per unit of volume.
III. RESULTS
A. Active Region
We have first considered a quantum dot with a base width nm, height nm, and a wetting layer of width ML, which is a typical representative of the dots grown in experiments [26] , [34] . It was assumed that the doping density is such that the dots are occupied with electrons on average, as already mentioned. The material parameters for the calculation of the energy levels were taken from [35] , the parameters for the calculation of transition rates due to interaction with phonons were taken from [36] and the temperature dependence of LO-phonon lifetime is taken from [28] . The energy level scheme of the dot considered is presented in Fig. 3 .
Most of the optically pumped lasers use three-level or fourlevel schemes. We will however show that a somewhat more complicated scheme is required to obtain significant values of population inversion in the quantum dot investigated.
The standard three-level scheme would include pumping of electrons from level 1 to level 3, followed by fast depopulation of level 3 to level 2 in order to obtain a population inversion between levels 2 and 1. However, levels 2 and 3 are close in energy and, therefore, one cannot expect that selective pumping from level 1 to level 3 can be achieved in a real ensemble of quantum dots. We further note that electrons from level 1 cannot be pumped to level 4 or 6 due to selection rules for quantum number and spin conservation. Another possible pumping scheme would be to pump from level 1 to level 5. Electrons from level 5 then relax into levels 2 and 3 either directly or via level 4. In order to obtain a significant population inversion between levels 2 or 3, and level 1, the transition rate from level 5 to levels 2 and 3 should be much larger than the transition rate from levels 2 and 3 to level 1. However, these transition rates are of the same order of magnitude, the former being just slightly larger, hence our calculation has shown that only a small population inversion between levels 2 and 1 of approximately electrons per dot at K is possible. The main mechanism that prevents larger values of population inversions or is backfilling of level 1 by unavoidable stimulated emission of photons by electrons from level 5 (at the rate ). Therefore, we propose the following scheme which gives the largest values of gain among all the schemes explored. The electrons are optically pumped from level 1 to level 7. The distance between levels 5 and 7 is close to an LO-phonon energy and consequently the transition rate between these two levels exceeds all other LO-phonon interaction transition rates by more than an order of magnitude, enabling a fast depopulation of level 7. Consequently, the occupancy of level 7 in steady state is small and thus the undesirable stimulated emission from level 7 to level 1 is almost completely avoided in this scheme. The main difference between this and the previous scheme is that in this scheme there exists a fast depopulation mechanism from the level to which the electrons are being pumped, which prevents backfilling of level 1 by stimulated emission of photons. Almost all the electrons from level 7 therefore go into level 5, which implies that level 6 remains almost unpopulated. The electrons are further distributed to levels 2-4 and if the pump flux is sufficiently large, a population inversion between any of the levels 2-5 and level 1 occurs. As will be shown later, the largest population inversion occurs between levels 2 and 1, as well as between 3 and 1. Since the transition linewidth is of the same order of magnitude as the energy difference between states 2 and 3, laser emission is caused by both transitions and . Due to selection rules on the transition , the pump needs to be -polarized, while the emitted radiation is in-plane polarized, since the selection rules on both transitions and allow only such emission. Therefore, a laser based on these transitions can operate either as an edge emitter or as a surface emitter.
The rate equations were solved under steady-state conditions to find the population inversion and gain. The flux dependence of state occupancies at a temperature K are shown in Fig. 4 . The population inversion between level 1 and any of the levels 2-5 appears at cm s . All the curves reach saturation at approximately cm s . There are more electrons in levels 2 and 3 than in levels 4 and 5 since the transition rates from levels 4 and 5 to levels 2 and 3 are larger than the transition rates from levels 2 and 3 to level 1. This implies that the population inversion is strongest between levels 2 and 1 and the gain is, therefore, a maximum at the wavelength of 14.6 m, corresponding to the transition between levels 1 and 2. When the curves reach saturation, there is a population inversion of approximately 0.7 electrons per dot between levels 1 and 2 and 0.3 electrons between levels 1 and 3. Both of them contribute to the gain for in-plane polarized radiation at m, which is calculated to be cm . Our calculation shows that the dependence of the optical cross section on the direction of polarization in the -plane is weak and the above value of gain can be considered as the gain for any polarization direction of in-plane polarized radiation. It was assumed that the distance between quantum-dot planes is nm and the surface density of dots was cm , which implies a quantum-dot density of cm . At this point, we can a posteriori justify the approximation that continuum states are weakly occupied. One can see from Fig. 4 . that among bound states only the levels 1-5 are significantly occupied. As the highest among them is 80 meV below the wetting layer continuum states (see Fig. 3 ), the electrons cannot be thermally excited to the continuum. The excitation to the continuum due to undesired absorption of pump photons by electrons from levels 2-5 is also negligible since the corresponding transition matrix elements between bound and continuum states are very small.
In order to emphasize the advantages of a quantum-dot intersublevel optically pumped laser over its quantum-well counterpart, we compare our results with the theoretical results for optimized optically pumped quantum-well lasers with smooth potential profile [37] , emitting at a similar wavelength m as the device proposed here. At a pumping flux of cm s and a temperature K the gain of the structure from [37] is less than 1 cm , while the gain of our structure is greater than 500 cm . An order of magnitude larger flux is required there to obtain the same gain of cm . Finally, the gain versus flux curve in [37] reaches saturation at cm s , two orders of magnitude larger than in this work.
The temperature dependence of the population inversions between any of the levels 2-5 and level 1 at cm s is given in Fig. 5 . An increase of in the low temperature part of the graph is a consequence of the proximity of levels 2 and 3. The distribution of electrons between levels 2 and 3 here is in favor of the lower level 2. As the temperature increases, electrons become more evenly distributed between levels 2 and 3, thus increasing the population of level 3. When this trend reaches saturation, the decrease of with temperature is caused by an increase in the population of the ground state. Due to an increase in the carrier relaxation rates to the ground state with temperature, the pumping flux is no longer sufficient to entirely depopulate the ground state at higher temperatures. Therefore, the population inversions and responsible for the gain decrease with temperature, but even at room temperature significant values of population inversions and gain are achievable.
In order to show that the dot analyzed is by no means an exception in view of the possibility of achieving significant values of gain, we have investigated several other dots of different sizes. The size, as well as the values of gain, the pump and the emission wavelength of the dots at the pumping flux cm s and the temperatures of K and K are shown in Table I . All the dots considered have values of gain larger than 400 cm at K, and larger than 150 cm at room temperature, and are thus obviously suitable for the active region of the laser in the proposed scheme.
The calculated gain profile for several different quantum dots with base-to-height ratio at K and cm s is shown in Fig. 6 . In larger dots, the splitting between levels 2 and 3 is larger and the depopulation of level 3 to level 2 due to LA-phonon scattering is much smaller. Consequently, the electrons are more evenly distributed between levels 2 and 3, which results in a wider lineshape with two peaks and smaller values of peak gain for the larger dots, as shown in Fig. 6 . This effect explains the decrease of gain as the dot size increases for larger ( 18-20 nm) dots at K and consequently a smaller value of gain (see Table I ) for the dot with nm compared with other dots. We should also note that either significantly smaller dots or dots with significantly larger base to height ratio than those investigated here cannot accommodate the required number of energy levels, and are not suitable for the proposed pumping scheme.
B. Waveguide and Cavity Design
We now consider the design of an appropriate waveguide, or of the resonator cavity, for either edge or surface emission, respectively. Since all the carriers in the proposed scheme are bound to quantum dots, the free carrier absorption can be neglected.
The waveguide for an edge emitting device may comprise a 5-m-thick AlAs cladding layer, a 1-m-thick GaAs core layer, 40 periods of quantum-dot layers (total thickness of 2 m) and a 2-m-thick GaAs cap layer. For m this waveguide supports a single TM mode whose overlap with the active region is % and a single TE mode whose overlap is %. Assuming the reflectivity at the waveguide cleaved facets, the mirror losses for mm long waveguide are cm . The modal gain is thus much larger than the losses, implying that edge emission from this laser is possible.
With the gain for normally incident light, the quantum-dotbased structure enables one to achieve VCSEL configuration, which would require an appropriate resonator. VCSELs operating at visible or near-infrared wavelengths perform very well and offer numerous advantages over edge emitters, but none has been fabricated for long wavelengths (13-21 m) , and this may be a quite challenging task. Here we briefly discuss a couple of possible routes of their realization.
One possibility might be to employ a cavity comprising two Bragg mirrors, based on GaAs-AlAs quarter-wavelength multilayer stack. The mirrors reflectivity is calculated from [38] (21) where and are the refractive indexes of GaAs and AlAs, and is the number of bilayers. Assuming the active layer completely filling the resonator, and satisfying the proper phase condition m i.e., comprising 44 layers of quantum dots, with interlayer spacing of nm, we find that the gain, even at room temperature, would exceed the equivalent mirror losses of an , or even Bragg stack. A practical difficulty with this approach is that the total width of semiconductor layers is about 100 m, which makes it somewhat impractical for the whole structure to be grown by the slow molecular beam epitaxy (MBE) (the growth time might take a few days). A way out might be to employ the much faster liquid phase epitaxy (LPE) for the lower Bragg stack, polish the surface to prepare it for quantum dots growth, use MBE next, and finally make the upper Bragg stack by LPE. While the Bragg mirror performance might not be affected by 0.05 m layer width tolerance/roughness inherent to LPE (because the layer widths are here large), it is not quite clear whether the growth speed-up, at the expense of increased complexity, would make this approach practical.
The reasons for the Bragg mirrors being so thick are both the large operating wavelength, and a relatively small contrast of GaAs and AlAs refractive indices. While there is no cure for the former, the latter can be enhanced by wet-oxidation of AlAs layers into Al O , the technique used for Bragg mirrors in the near-infrared [39] . With the smaller refractive index of Al O we find that just or would suffice for lasing. It is not known, however, what losses would Al O formed in this way present to the 13-21 m radiation.
Yet another possibility is to employ metal mirrors, since the metal reflectance in this range is rather high, e.g., 97%-98% for Al, which suffices for lasing with 2-m-thick active layer. In this case the total thickness of the structure is still likely to be large, mostly for the wafer handling reasons: one can think of a 100 m GaAs substrate with an Al mirror deposited on its bottom, and the quantum-dot active layer grown on its top would then be covered by another 2 m of GaAs spacer before depositing the upper Al mirror, to avoid having the optical field node near the active layer. This time, however, the major part of the thickness is due to the substrate, and should not result in excessive growth time. The outcoupling can be achieved by making a hole in the upper mirror (plane-parallel annular resonator).
In all of these layouts the relatively long resonator of the VCSEL demands for it to be wide enough to reduce the diffraction losses: e.g., % losses require Fresnel number larger than 10, and hence the mirror diameter(s) of m for a 100 m thick device.
IV. CONCLUSION
In conclusion, a theoretical model of the active region of an optically pumped intersublevel quantum-dot laser is presented.
The population of energy levels, and consequently the population inversion and gain were extracted from the rate equations model. The waveguide and cavity for edge and surface emission are proposed as well. Our results predict laser emission in the spectral range 13-21 m, depending on the dots size. The predicted threshold pumping flux, required to obtain laser action is much smaller than in quantum-well-based intersubband lasers, which is due to the longer carrier lifetimes in quantum dots.
